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Abstract
In this note our aim is to show a paradox in the spectral representation of
stationary random processes.
A random process X = {Xt, t ∈ Z} with mean zero and finite variance is called stationary
if E(XtXs) = E(Xt+hXs+h), for every t, s, h ∈ Z. We define the function γ(.) as, γ(h) =
E(XhX0).
The spectral representation theorem says that for every stationary random process
X = {Xt, t ∈ Z} there exist a complex right continuous orthogonal-increment process Z
such that,
Xt =
∫
(−pi,pi]
eitxdZ(x),
with probability one. Therefore,
γ(h) =
∫
(−pi,pi]
eihxdF (x), (1)
where F (x) = E|Z(x)− Z(−pi)|2, for every −pi < x ≤ pi. For more details see Brockwell
and Davis (1994) Chapter 4.
Let Xt be a real stationary random process. From the spectral representation theorem
we have,
Xt =
∫
(−pi,pi]
cos(tx)dZ1(x)−
∫
(−pi,pi]
sin(tx)dZ2(x), (2)
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with probability one, where Z1 is real part and Z2 is imaginary part of Z. Let F (x) =
E|Z(x) − Z(−pi)|2, F1(x) = E(Z1(x) − Z1(−pi))
2 and F2(x) = E(Z2(x) − Z2(−pi))
2,
therefore,
F (x) = F1(x) + F2(x), (3)
for every −pi < x ≤ pi. From (2), we have X0 =
∫
(−pi,pi]
dZ1(x), with probability one.
Hence
V ar(X0) =
∫
(−pi,pi]
dF1(x). (4)
On the other hand, from (1) for real stationary random process X , we have
γ(h) =
∫
(−pi,pi]
cos(hx)dF (x).
Now, from (3) we have
V ar(X0) =
∫
(−pi,pi]
dF1(x) +
∫
(−pi,pi]
dF2(x). (5)
Equations (4) and (5) show that
∫
(−pi,pi]
dF2(x) = 0. Thus,
∫
∆
dF2(x) = 0, for every
∆ ∈ B((−pi, pi]). This implies that, Z2(x) = 0, for −pi < x ≤ pi. Therefore,
Xt =
∫
(−pi,pi]
cos(tx)dZ1(x),
with probability one. Since, cos(x) = cos(−x), we have, Xt = X−t.
But, there is a real stationary random process X = {Xt, t ∈ Z}, such that Xt 6= X−t,
for all t = 1, 2, . . . .
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